The structure and transport properties of drying water clusters in porous media have been studied with a site-bond invasion percolation ͑IP͒ model. In this model an invader ͑air͒ enters a lattice ͑porous network͒ filled with defender ͑water͒ via a sequence of invasion steps. The decision to invade a site ͑pore͒ is made on the basis of the resistance of the bonds ͑throats͒. It is found that the backbone of the defender network and its transport properties are the same as in ordinary percolation ͑OP͒. In particular the strength exponent of the backbone ␤ B ϭ0.99Ϯ0.03, the correlation length exponent ϭ0.88, and the conductivity exponent ϭ1.99Ϯ0.04 are the same as in OP. The total network deviates from networks generated with OP: on short length scales the formation of branches is suppressed because pores with many empty neighbors are preferentially invaded. The differences between our IP results and the outcomes of OP are a consequence of the invasion mechanism. This makes clear that the details of the invasion process are important for understanding the transport properties in a drying network.
I. INTRODUCTION
Salt weathering is an important cause in deterioration of buildings, monuments, and natural rocks ͓1͔. Salt weathering processes are always accompanied by drying phenomena ͓2,3͔, and these play an important role because they influence the mobility of ions inside the porous medium. The structure of the network of liquid-filled pores determines the mobility of the ions and depends on the stage of the drying process. Therefore, to understand the diffusivity of ions, knowledge on the evolution of drying water networks is needed. For our particular problem it is a natural choice to use percolation models. In drying porous media, or more generally in unsaturated porous systems, air and water form clusters and networks by a percolation process.
Much is known of diffusive motions of particles on percolation clusters ͓4,5͔. The important length scale is the characteristic size of the network, i.e., the length scale above which the medium can be considered as homogeneous. When particles travel by Brownian motion over distances larger than , their paths obey random-walk statistics and the diffusion process can be described with an effective diffusion coefficient. Motions over distances smaller than cannot be described with random walk statistics and the diffusion is called anomalous; due to the fractal properties of the network at length scales below the diffusion slows down. It has to be remarked that most diffusion studies have been done with clusters generated with ordinary percolation ͑OP, also called random percolation͒. Whether or not OP correctly describes the structure of the water network during a drying process is still an open issue.
The invasion percolation ͑IP͒ model seems to be a more natural choice for the process of interest ͓6-8͔. In IP an invader fluid ͑air in the case of drying͒ enters the porous medium from one single point or side of the system. IP models have been of great value for understanding the relation between multiphase-flow phenomena and pore-scale events ͓9-16͔. It has been proven that the ingress of air during an evaporation process follows IP-type rules ͓17,18͔. When a three-dimensional ͑3D͒ system dries slowly and gravity does not play an important role, a standard IP model successfully describes the sequence of invasions down to liquid contents of about 20-30 % ͓19͔.
As already mentioned, we want to investigate the diffusion in the water phase during the drying of a 3D porous system. Therefore, we are mainly interested in the structure and transport properties of the defender clusters. IP models are used for more than 20 yrs, but most efforts have been put in the study of the invader phase and little attention has been paid to the structure of the defender network and clusters. In this study, we want to investigate the defender network: its structure and transport properties. Results will be compared with the outcomes of OP models. This paper is organized as follows. In Sec. II we discuss the relation between the drying of a porous medium and IP, the connection between IP and OP, the behavior of networks near a percolation threshold, and the site-bond IP model used in this study. In Sec. III model calculations will be discussed. First, the structural and transport properties of the water network at the fragmentation point are analyzed in detail. Further, we discuss how these networks behave away from the fragmentation point. In Sec. IV the conclusions will be drawn.
II. THEORY

A. Drying of three-dimensional systems
In the case that capillary forces dominate over viscous and buoyancy forces, the drying of the 3D porous medium passes through two distinct stages, which can be observed when the drying rate is measured as a function of time ͓20͔. In the first period the drying rate is constant and this regime is therefore called the constant-rate period. In this regime the water is uniformly distributed throughout the sample ͓21,22͔ and the rate-limiting step for the drying process is the vapor transport in the boundary layer outside the material. When the water content is at 20-30 % of its initial value, the drying rate starts to decrease. This regime is called the falling-rate period: a front in the water saturation develops, which moves inward. In the falling-rate regime the drying rate is limited by the vapor transport from the saturation front to the external boundary of the material.
Network simulations have shown that there are two important transition points in 3D: breakthrough and fragmentation ͓19͔. Initially, the medium is completely saturated with liquid. Due to the evaporation, air invades the system. At breakthrough ͑BT͒ the air cluster just percolates the whole system. This percolation transition is located in the constantrate period and is difficult to observe in macroscopic experiments. After the BT both water and air phase form samplespanning clusters. At some moment the water network breaks up in isolated clusters: the fragmentation point ͑FP͒. This point marks the transition from the constant-rate period to the falling-rate period. Due to the finite size of the clusters a front develops in the saturation profile after the FP.
Due to the fact that a sample-spanning water network exists up to the FP, standard IP models can be used up to this point to predict the sequence of invasion events ͓19͔. To be more precise, the ingress of air obeys the rules of IP with trapping. Isolated water clusters in the bulk of the porous matrix are embedded in an atmosphere with a water-vapor density close to the equilibrium value. Therefore, the evaporation rates of isolated clusters are negligible compared to the rate of the spanning cluster ͑the network͒. As a result, most invasions take place in the spanning cluster just as it is prescribed by an IP model with trapping. The major advantage of IP simulations over drying simulations ͑in which vapor transport and invasions in the isolated clusters are taken into account͒ is that the former are less computationally intensive. Therefore, we will use an IP model to study the structure and the transport properties of the liquid network during drying.
B. Relation with ordinary percolation
An interesting feature of IP is that clusters of the invader fluid ͑air in a drying process͒ generated via this algorithm have much in common with clusters formed in an OP process ͓8,23,24͔. The simplest site-or bond-IP models ͑no trapping͒ belong to the same universality class as OP. In some cases trapping can cause differences between IP and OP. In 2D trapping lowers the fractal dimension D f of the percolating cluster ͓24,25͔. In 3D trapping is less important because the percolation points of the invader and defender do not coincide. In 3D trapping can change the backbone of the invader clusters, if the rules of the IP models are such that the formation of closed loops is prevented, see, e.g., Ref.
͓26͔.
That the structures of IP and OP clusters are rather similar can be understood as follows. Consider a very large lattice of blue sites that are labeled with random numbers r͓0,1͔ chosen from an uniform distribution. In OP we color all sites with rрq red (q is a value larger than the percolation threshold q*). As a result we end up with one spanning and a number of isolated clusters of red sites. In IP we also want to color the sites with rрq. Now we start at a specific side of the system. At a certain stage of the painting process, we only color sites red, if they are neighbors of sites painted red in previous invasion steps. As a consequence, we generate one single cluster, which is in contact with at least one side of the system. The structure of this cluster is exactly the same as the structure of the percolating cluster generated with OP and has therefore the same scaling behavior. The main difference between IP and OP is the meaning of q. In OP q is the occupation probability of a site or a bond. In IP q is the acceptance probability, which is the chance that a site or bond will be invaded given that it is positioned near the invader/defender interface. It has been found that for standard site IP the percolation threshold q* is the same as in OP ͓8,9͔, which reflects the close relation between these models. Little is known of the relation between the defender cluster in an IP and an OP clusters. However, it seems that for simple site IP the correlation length of the defender network and q* behave as in OP ͓8,24͔, indicating that they are closely related too.
The similarity between OP and IP is of great value for studying the properties of IP networks. For OP systems scaling relations for a number of properties have been obtained and the values of critical exponents are well documented.
C. Properties near a percolation transition
It is well known that a number properties of a network behave as universal close to a percolation transition. In the case of a defender cluster this percolation transition is the fragmentation point FP. Especially for the OP model these properties have been studied in great detail. Because we want to investigate a drying cluster and compare its behavior with that of OP clusters, it is useful to discuss briefly the behavior of OP networks close the percolation transition. For a detailed discussion we refer the reader to the literature ͓27,28,4,5͔. We restrict the discussion to properties that are of interest within the scope of this paper.
Close to a percolation transition various properties of a network behave as universal. Its correlation length , strength P, and long-time diffusion coefficients D and DЈ obey simple scaling laws:
In these relations q, q*, M, and L are the probability that a site is filled, the value of the percolation threshold, the mass of the network, and the linear system size, respectively. The exponents , ␤, and are the correlation length exponent (ϭ0.88 for dϭ3), the strength exponent (␤ϭ0.41 for d ϭ3) and the conductivity exponent (ϭ2.0 for dϭ3), re-spectively. In Table I we have listed the values of these exponents and some other percolation properties. The use of two diffusion coefficients originates from the fact that two ensembles of diffusing particles can be distinguished ͓4͔: ͑a͒ all particles with a diffusivity D and ͑b͒ the particles on the spanning network with a diffusivity DЈ. Relations ͑3͒ and ͑4͒ hold for times t larger than the time that a particle needs to diffuse over a length . In the remainder of this paper we will only work with the latter diffusion coefficient DЈ.
In finite systems at the percolation transition the correlation length equals the system size, ϭL. This is useful for obtaining the correct scaling exponents from simulations. By combination of ϭL with expressions ͑1͒-͑4͒, the following expressions can be obtained:
. By varying L values for the various fractal dimensions and percolation exponents can be obtained from simulations.
Finally we want to remark that similar scaling relations exist for the backbone of the percolating cluster. In this paper P B , ␤ B , M B , and D B will be used for the strength, the strength exponent, the mass, and the fractal dimension of the backbone, respectively.
D. Simulation model
The pore space is represented as a cubic network of dimensions LϫLϫ2L with a grid spacing a. Periodic boundaries are applied in the directions perpendicular to the Lϫ2L sides of the network. The nodes and bonds of the network represent the pore bodies and pore throats, respectively. It is assumed that the volume is in the pore bodies and the resistance in the throats. To keep the problem as simple as possible, we assume that all pore bodies have equal size. The radii r of the throats are assigned randomly from a uniform distribution with a width ⌬ and a mean r.
Initially, the pore space is saturated with a wetting defender fluid, i.e., water. The invader fluid, air in the case of drying, enters the system at one of the LϫL sides. At each simulation step we identify the throats lying at the invader/ defender interface ͑throats which connect pore bodies filled with invader and defender fluids͒. The throat with the lowest entry pressure p c ϭ2␥/r (␥ is the surface tension͒ is selected for invasion and the corresponding pore body is emptied. In fact, the decision to invade a site is made by evaluating bond properties. Such an IP model is known as a site-bond IP model ͓29͔. An additional restriction in the model is that isolated clusters cannot be invaded. Isolated water clusters are embedded in a vapor atmosphere with a density close to the equilibrium vapor density. Therefore, these clusters evaporate very slowly compared to the sample-spanning cluster and most invasions will take place in this cluster ͓19͔. So, in fact an IP model with trapping is used. A HoshenKopelman type of method is used to identify the separate clusters ͓30͔. A simulation run is stopped when the FP is reached, i.e., the point where the defender cluster breaks up in isolated clusters.
We calculate the long-time diffusivity DЈ of the defender network to get information about the transport properties of this network. Throats connecting pore bodies filled with the defender are considered to be open for diffusion, and the local diffusion coefficient equals D 0 . In order to obtain DЈ, Kirchhoff's equations are solved with a conjugated gradient method. The backbone of the defender network is identified as the set of throats and bonds which carry current. The masses M of both the defender and invader clusters are calculated in the central LϫLϫL part of the system to minimize the influence of the boundaries. Both DЈ and M are calculated as averages over various realizations.
III. RESULTS
A. The structure at the fragmentation point
Simulations have been performed for system sizes L ϭ5 -70. The throat radii r have been distributed according to a uniform distribution with an average value rϭa and a width ⌬ϭ0.05a. For most values of L we have simulated 1000 realizations. For Lϭ30, 40, 50, and 70, we have averaged over 792, 489, 10, and 6 realizations, respectively. In Fig. 1 we have visualized a defender network at the FP: all defender sites, the spanning network and its backbone. The percolation properties and exponents obtained via these simulations are listed in Table I .
The masses of the air ͑invader͒ cluster at BT, the liquid ͑defender͒ cluster at the FP, and the backbone of this latter cluster have been calculated for different system sizes. Results are plotted in Fig. 2 . The structure of the invader cluster at BT behaves as expected and its fractal dimension D f ϭ2.52Ϯ0.03 is close to values reported in the literature for clusters at the percolation transition for both IP and OP models. The behavior of the defender cluster at the FP is more interesting. On larger length scales LϾ10 the cluster behaves as a cluster generated with OP. The fractal dimension D f ϭ2.48Ϯ0.03 is somewhat lower than reported for OP, 2.53, which may be due to the fact that the dataset used for fitting was limited to systems with 10ϽLр40. In systems with sizes Lр10 the mass of the defender cluster no longer follows this scaling behavior, which indicates that on small length scales the cluster structure deviates from the one generated with an OP or a standard IP algorithms. With decreasing L the mass M of the cluster tends towards the mass of the backbone M B ͑Fig. 2͒, indicating that growth of branches is suppressed on small length scales. This can be understood as follows. In a site-bond IP algorithm the widest throat ͑bond͒ is selected to invade a pore body ͑site͒. Therefore, the chance that a certain site will be invaded by air increases with increasing number of neighboring sites containing air ͑the invader fluid͒. As a consequence, sites of the defender cluster with many empty neighbors are preferentially invaded ͑emp-tied͒ and small-scale roughness is suppressed. The structure of the backbone is not influenced by this subtlety of the site-bond IP algorithm and its mass nicely scales with the system size down to very small values of L. The fractal dimension D B ϵdϪ␤ B /ϭ1.87Ϯ0.03 of the backbone is equal to the value obtained with OP ͑1.87͒ ͓31͔. This suggests ͑a͒ that the correlation length of the defender network behaves as in OP with ϭ0.88 and ͑b͒ that finitesize scaling leads to an apparent L dependence of the values of ␤ and D f . On large length scales ␤ equals the normal IP value (␤Ϸ0.41), while for LϽ10 ␤ tends towards the backbone value ␤ B ϭ0.99Ϯ0.03 (ϭ0.88). We have tried to extract a relation between and the liquid saturation S ͑the total number pore bodies filled with defender divided by L 3 ) by plotting S as a function of L Ϫ1/ , see Fig. 3 . Note that ϭL at the FP. Again two different regimes can be seen. We did not succeed in fitting the data with one single equation for all values of L due to the abrupt change in the slope around Lϭ10. The data for Lр10 can be fitted reasonably well with a relation SϰL Ϫ1/ . Due to a lack of data points for large L, it is hard to come up with an accurate relation for systems with LϾ10. This part of the curve has been fitted with a parabolic equation, in order to estimate the percolation threshold. By fitting the data we obtain the following expression for the correlation length : ϭ0.271. The quantity S* is the real percolation threshold and its value is close to that of bond OP, see Table I . It has to be remarked that for a more precise determination of both S* and of the dependence of on S for Ͼ10, simulations with larger systems are needed. The actual value of S* will be in between 0.25 and 0.26. We also expect that such larger calculations will show that a relation SϰL Ϫ1/ holds for large L ͓24͔. That a parabolic equation is needed for an accurate fit could be a crossover effect; this would also explain the somewhat low value obtained for the fractal dimension of the defender network D f ϭ2.48 see Table I . The existence of the two regimes is in agreement with the idea that the structure of the defender cluster is different on small and large length scales. The fact that SϰL Ϫ1/ for Lр10 seems to confirm the idea that the correlation length of the defender network behaves as in OP, with the expected value ϭ0.88.
B. Transport properties at the fragmentation point
As a next step we have calculated the diffusivity DЈ of ions in the defender phase at the fragmentation point FP. In Fig. 4 we have plotted DЈ as a function of the system size L. The diffusion coefficient shows nice scaling behavior for all values of L. This is in agreement with the behavior of the backbone, of which the mass could also be fitted with a single power law, see Fig. 2 . By fitting the data with Eq. ͑6͒ we obtain /ϭ2.26Ϯ0.04 and ϭ1.99Ϯ0.04 (ϭ0.88), which is close to the values obtained with OP ͑Table I͒. This confirms our ideas regarding the structure of the backbone of the defender cluster: although the defender cluster itself deviates from OP behavior, this deviation is due to the branches. The backbone behaves as in OP and so does the diffusion coefficient DЈ because it is a property of the backbone of the cluster.
While DЈ behaves as in OP, diffusion processes on OP clusters and on site-bond IP clusters nevertheless differ for two reasons. First, the diffusion coefficient calculated as an average over all particles, D, equals DЈ/ P ͓see Eq. ͑4͔͒ and therefore depends on the structure of the whole defender network. In the previous section we have shown that the structure of this network is different on small and large length scales. Second, we expect that particles will move faster through a network generated with the site-bond IP model than through an OP network. Due to the fact that small branches are suppressed, there will be fewer dead-end traps for the diffusing particles. This will be reflected in the random-walk dimension d w .
For a few systems (Lϭ10, 20, and 70͒ we have generated random walks and calculated the average squared displacement ͗R 2 ͘ of diffusing particles on the percolating defender cluster, see Fig. 5 . For ͱ ͗R 2 ͘ӶL all systems behave the same and anomalous diffusion is found, d w Ͼ2. Figure 5 indicates that d w increases with ͗R 2 ͘, which is in agreement with the fact that on small length scales the formation of branches is suppressed and the structure of a cluster is more backbonelike. For OP clusters it is known that the randomwalk dimension of a cluster (d w ϭ3.88 ͓28͔͒ is larger than that of its backbone (d wB ϭ3.09 ͓31͔͒. In Fig. 5 the solid lines represent the diffusion behavior on an OP cluster and on the backbone of such a cluster. This confirms the idea that particles diffuse faster on defender clusters generated with site-bond IP rules than on OP clusters because there are fewer traps for the diffusing particles due to the absence of branches on small length scales.
C. Away from the fragmentation point
In the previous sections we have investigated the structural and transport properties of the defender network at the FP. According to the theory discussed in Sec. II C, the structure and the transport properties of networks at or away from the FP obey simple scaling laws on length scales below the correlation length . In this section we discuss simulation results for the network properties of the defender cluster as a function of the degree of saturation S, in order to see whether or not this is true for the site-bond IP model. In Fig. 6 we have plotted the structural properties of the defender phase ͑the masses of the network and its backbone͒ and the diffu- sion coefficient DЈ in a system of size Lϭ70 as a function of the defender saturation S. The behavior of the network is as expected. Close to the FP the strength of the network and of its backbone rapidly drop to zero when S↓S*. Therefore DЈ→0 when the system approaches the FP. Close to Sϭ1 DЈ rapidly decreases from 1 to 0.8 with decreasing S. This is due to the fact that the invader ͑air͒ enters the system from one side. In the beginning of the invasion process most invasions occur close to the entrance, which creates a relatively ''dry'' surface layer with a high resistance against diffusion.
Results obtained for one single system, as shown in Fig.  6 , are instructive, but of little value for a more quantitative analysis because finite-size effects make it difficult to observe power-law relations like Eqs. ͑2͒ and ͑4͒. Therefore, percolation exponents are generally determined at the percolation threshold by finite-size scaling as we did in the previous sections. Testing whether or not the outcomes also hold away from the FP (SϾS*) can again be done with the help of finite-size scaling. Consider a property Y which behaves in an infinite system as
where is a scaling exponent. In a system of size L the following relation holds for Y ͓32͔:
where f (x) is a scaling function with xϵ(L/) 1/ : f (x) ϭconstϫx for xӷ1 and f (x)ϭ1 for xӶ1. In our particular case the use of Eq. ͑9͒ is complicated by the fact that cannot be described with one single power law for all values of S, see Fig. 3 and Eq. ͑7͒.
First, we want to analyze the strength of the backbone P B ϭM B /L d . By using Y ϭ P B , ϭ␤ B , and relation ͑9͒ it can be shown that the scaling function is equal to M B L ϪD B . In Fig. 7 we plotted M B L ϪD B as a function of xϭ(L/) 1/ . In the case that 1рр10, Fig. 7͑a͒ , most of the data points collapse on a master curve, the solid line, which is given by the relation f (x)ϭCx ␤ B . Deviations of this master curve are observed for all system sizes when L/ approaches L. When the saturation increases, the correlation length decreases. The correlation length saturates at its minimal value, ϭ1, which is the distance between two neighboring sites. When Ͼ10, Fig. 7͑b͒ , the data points again collapse on a single curve, close to the previously obtained master curve f (x) ϭCx ␤ B . It seems that the data points are now located slightly below the function f (x). Deviations are observed for low values of L/, where S is close to S*. When S approaches S*, the correlation length diverges until it saturates at its maximal value ϭL. That in both cases the data points obey a relationship of the form x ␤ B , confirms that we have found the correct values for D B and ␤ B .
By using Y ϭDЈ, ϭ, and relation ͑9͒ it can be shown that the scaling function for diffusivity is equal to DЈL / . In Fig. 8 we have plotted DЈL / as a function of x ϭ(L/) 1/ . In the case that 1рр10, Fig. 8a , the data points follow a master curve, which is represented by a solid line and obeys the relation g(x)ϭKx . For the various systems deviations are observed both for high and low values of L/. Again the deviations for high values of L/ result from a saturation of the correlation length at its minimal value, ϭ1. The deviations at low L/ values seem to be related FIG. 6 . ͑a͒ The masses of the defender network and of its backbone and ͑b͒ diffusion coefficient on the former network as a function of the fraction of pores filled by defender fluid S. with the behavior at Ͼ10. In Fig. 8͑b͒ we have plotted the data for Ͼ10 together with the previously obtained relation g(x)ϭKx ͑the solid line͒. Also here most of the data points collapse on a single curve. The observed deviations at low values of L/ are due to the fact that the correlation length saturates at its maximal value, ϭL . An interesting feature of Fig. 8͑b͒ is that the master curve follows a scaling-law x , but is shifted significantly below the function g(x)ϭKx . Until now we do not have a clear explanation for this feature. It might be that our expression for , Eq. ͑7͒, is not accurate enough. However, the fact that in both cases the data points obey a relationship of the form x , seems to confirm that we have indeed found the correct value for the conduction exponent .
IV. CONCLUSIONS
We have studied the structure and the transport properties of a drying water network by using a site-bond invasion percolation IP model, in which the invader and defender represent air and water, respectively. The outcomes of the simulations have been compared with well-known results of OP.
The site-bond IP simulations predict that the backbone of a defender network and its transport properties are the same as in OP. The strength exponent of the backbone ␤ B ϭ0.99 Ϯ0.03, the correlation length exponent ϭ0.88, and the conductivity exponent ϭ1.99Ϯ0.04 are almost the same as in OP. However, the behavior of the total network deviates from that of networks generated with OP. On short length scales ͑when the correlation length р10) the formation of branches is suppressed in the site-bond IP model, due to the fact that pores with many empty neighbors are preferentially invaded. On larger length scales branches are not suppressed and the network behaves in OP, ␤ϭ0.41. The differences between our IP results and the outcomes of OP are a consequence of the invasion mechanism used in the IP model: sites ͑pores͒ are invaded by evaluation of values ͑radii͒ assigned to the bonds ͑throats͒.
We have found that the mobility of ions on a network generated with the site-bond IP model is higher than that from an OP model. Due to the fact that the defender network lacks small branches, there are fewer traps for diffusing particles. This makes clear that the details of the invasion process are important for understanding the transport properties in a drying network.
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